Abstract. The set of prime numbers p such that the supersingular jinvariants in characteristic p are all contained in the prime field is finite. And it is well known that this set of primes coincides with the set of prime divisors of the order of the Monster simple group. In this paper, we will present analogous coincidences of supersingular invariants in level 2 and 3 and the orders of the Baby monster group and the Fischer's group. The proof uses a connection between the number of supersingular invariants and class numbers of imaginary quadratic fields.
Introduction
An elliptic curve E over a field K of characteristic p > 0 is called supersingular if it has no p-torsion over K. This condition depends only on the j-invariant of E, and it is known that there are only finitely many supersingular j-invariants, all being contained in F p 2 . We define the supersingular polynomial ss p (X) as the monic polynomial whose roots are exactly all the supersingular j-invariants: ss p (X) = E/Fp E : supersingular (X − j(E)). (1) Because the set of supersingular j-invariants in characteristic p is stable under the conjugation over F p , we have ss p (X) ∈ F p [X]. For p = 2 and 3, we have ss 2 (X) = X (mod 2) and ss 3 (X) = X (mod 3) (see [7, p.201 
]).
For any prime p ≥ 5, we define the numbers ν, δ, ε ∈ {0, 1}, which will be used throughout this paper, by
where ( · p ) is the Legendre symbol. The following theorem is known (essentially due to [7] , see [12, Proposition 5] ). (α) n (β) n (γ) n x n n! (|x| < 1).
Here, (α) 0 = 1 and (α) n = α(α + 1) · · · (α + n − 1) (n ≥ 1).
We note that the series 2 F 1 (α, β; γ; x) becomes a polynomial when α or β is a negative integer and γ is non-negative integer. We give a proof of this theorem in Section 2 for convenience of the reader.
From this hypergeometric expression of ss p (X) we easily see that deg ss p (X) = m + δ + ε = p − 1 12
(See also [10, 11] and [21, Ch.V §4] .) The polynomial ss p (X) factors into linear and quadratic polynomials in F p [X] by the result of Deuring [7] that all supersingular j-invariants lie in F p 2 . Let h( √ −d) denote the class number of the imaginary quadratic field Q( √ −d). The following theorem is essentially due to Deuring ( [7, §10] and [8, eq.(9) ]), but is expressed in somewhat different form (see also [18, Lemma 2.6] , [3, p.97] ). Let M be the Monster group. It is the largest sporadic finite simple group and has order #M = 808017424794512875886459904961710757005754368000000000
In 1975, A. Ogg noticed that the prime divisors p of #M agree with those p such that all characteristic p supersingular j-invariants that lie in F p (see [17, p.7] , [9] ). Ogg offered a bottle of Jack Daniels for an explanation of this coincidence; therefore this is called "The Jack Daniels Problem". By the definition of the polynomial ss p (X) and the number L(p), Ogg's observation is paraphrased as the following theorem.
Theorem 3. For a prime number p,
This theorem can be proved by using class number estimate, but it does not explain why such a relationship exists.
We consider analogues of these theorems in the case of higher levels or other sporadic groups. The supersingular polynomial ss (N * ) p (X) for the Fricke group Γ * 0 (N ) (N = 2, 3) was defined by Koike [13] and Sakai [19] . It is derived from the invariant differential for Γ * 0 (N ) (N = 2, 3) and has hypergeometric series representation. 
For p ∈ {2, 3} and N ∈ {2, 3}, we have ss
. The degrees of these polynomials are given as follows. deg ss
We shall derive the number of linear factors of these polynomials explicitly as a linear combination of class numbers of the imaginary quadratic fields:
An exact analogue of Theorem 3 for the sporadic groups B and F i ′
24
holds true. Where B be the Baby monster group and F i ′ 24 be the largest of Fischer's groups. The orders of these groups are given by #B = 4154781481226426191177580544000000
Theorem 5. For a prime number p, deg ss
. We briefly describe the contents of this paper. In Section 2, we will introduce the results on the factorization of the Legendre polynomials by Brillhart and Morton, and the results on the supersingular polynomials for congruence subgroups of low levels by Tsutsumi. Together with Definition 1 by Koike and Sakai, these are the essential tools to prove our main theorems.
In Section 3, we prove Theorem 4 and 5 by combining the results in the previous section. Although the main theme of this paper is these theorems, we also provide various conjectures in Section 4. For instance, when the case of levels N = 5 and 7, the sporadic groups Harada-Norton group and Held group appear in the conjecture of the analogue of Theorem 5 respectively.
Besides, more interestingly, it is expected that so-called Apéry-like numbers appear in the coefficients of the squares of these supersingular polynomials. Finally, we close this paper with an observations of a curious "duality" for the primes and the levels of supersingular polynomials.
Quite recently, the author learned from Prof. Ken Ono (via Prof. Kaneko) about the paper [1] by Aricheta. There a result on the number of supersingular points on some modular curves not defined over F p is presented, and this is very closely related to our Theorem 5.
Theorem 6 (Brillhart, Morton [3] ). Let p ≥ 5 be a prime and N 1 (p, m) be the number of linear factors of W m (X) (mod p). Then
where the number L(p) appears in Theorem 2.
We note that the polynomial W m (X) and the Legendre polynomial
x − 1 r satisfy the following relation:
Moreover, Morton determined the number of certain quadratic factors of the Legendre polynomials.
Theorem 7 (Morton [15, 16] ). Let p ≥ 5 be a prime and B(p, m) be the number of irreducible quadratic factors of the form X 2 + C of the Legendre polynomial P m (X) (mod p). Then
where
2.2. Supersingular polynomials for Γ 0 (N ) (N = 2, 3). Tsutsumi introduced the supersingular polynomials for congruence subgroups of low levels in [22] and obtained hypergeometric representations for them. There exist algebraic relations between the elliptic modular invariant j(τ ) and modular functions j N (τ ) for Γ 0 (N ) (N = 2, 3):
We prepare the set
We then define ss
for the prime p ≥ 5. Note that we ignore the duplication of elements of the set S N . Because the set S N is stable under the conjugation over F p , we have ss (7) ss
(ii) Let p ≥ 5 be a prime and m = [p/3]. Then
The degrees of these polynomials are given as follows.
deg ss
Therefore, by Theorems 2 and 6, the numbers L (N ) (p) (N = 2, 3) are constant multiples of the class number h( √ −p).
Proof. We only prove the first equality, the other cases being similar. For
Because the number of linear factors is unchanged under the linear fractional transformation of variable, we have
We can regard the polynomial ss
and hence easy calculation of binomial coefficients gives the following explicit formula of ss (2) p (X). The case of ss (3) p (X) can be shown similarly.
Theorem 8. For a prime p ≥ 5,
Similarly, we obtain the following theorem concerning the square of supersingular polynomials by applying Clausen's formula
Theorem 9. For a prime p ≥ 5,
Here, we would like to point out the similarity between Theorem 9 and the expansions of certain Eisenstein series in terms of 1/j(τ ) and similar local parameters described below. By Theorem 1, we have
We note the following hypergeometric transformation
and hence have It is well known that the Eisenstein series of weight 4 on SL 2 (Z) has the following hypergeometric representation for sufficiently large ℑ(τ ):
In [19] , it is shown that the Eisenstein series of weight 4 on the Fricke group Γ * 0 (N ) (N = 2, 3) has the following hypergeometric series expression:
The calculation of the binomial coefficients using Clausen's formula (10) gives the following:
These expressions are very similar to the polynomial of Theorem 9. Based on these similarities, we propose conjectural expressions of squares of the supersingular polynomials ss
p (X) and ss
Proof of main theorems
In order to prove Theorems 4 and 5, we start with the next proposition on the algebraic relation between the polynomial ss 
(ii) Let p ≥ 5 be a prime and m = [p/6]. Then we have (X − 27) m+2δ ss
Proof. We only prove the case of level 2, the other case being similar. Now m = [p/8] and so p − 1 = 4(2m + ν) + 2ε, the polynomial (7) is (12) ss
For α = −m − ν/2, β = 3/8 − ε/4, we have α + β + 1/2 ≡ 1 (mod p). Based on this, we apply the formula (Kummer's relation)
to the right-hand side of (12) and get (13)
If ν = 0, there is nothing to do:
If ν = 1, we apply (11) to the left-hand side of (13) . Then the first two parameters of the hypergeometric series of (13) reduce modulo p to
Since the exponent is 1 − α − β ≡ 1/2 (mod p),
Therefore when ν = 1, we have
Summarizing these cases, we finally obtain (14)
By multiplying both sides of the above equation by X ε (X − 128) ν , we get the assertion:
(mod p). 
It is easy to see that the congruences p−1 (p−1)/2 ≡ (−1) (p−1)/2 ≡ 0 (mod p) and −2m ≡ 1 (mod p) hold when m = (p − 1)/2, we have
and the first assertion follows. Secondly, by [3, eq. (1.
2)], we have
If p ≡ 1 (mod 4), i.e. ε = 0, the set of roots of
Because X = λ and X = 1 − λ give the same value 4X(1 − X), the set of roots of
By [3, Appendix, Proposition 1], the roots of W (p−1)/2 (X) over F p are distinct and all lie in F p 2 . Combining this fact and the first assertion, we see that if α and β with α ≡ β (mod p) are the roots of
. Therefore the elements of the set (16) are distinct and all lie in F p 2 . If p ≡ 3 (mod 4), i.e. ε = 1, the set of roots of
It can be seen that the set of roots of W (p−3)/4 (X) is
as in the above case and these roots are distinct and all lie in F p 2 .
Proof of Theorem 4. First, we prove the explicit formula of L (2 * ) (p). By the algebraic relation (5) and Lemma 1, the Legendre polynomial P 2m+ν (X) factors into distinct linear and quadratic polynomials over F p for the prime p = 8m + 4ν + 2ε + 1 = 4(2m + ν) + 2ε + 1 ≥ 5. From the definition, one can easily see that the parity of the Legendre polynomial is P n (−x) = (−1) n P n (x), and hence X −ν P 2m+ν (X) is an even polynomial. Consequently, we can rewrite P 2m+ν (X) as follows:
According to Theorem 7, we have
Using the expression (9) and the algebraic relation (5), we have ss 
By this expression, the number of linear factors of ss (2) p (Y ) is given by L (2) (p) = ε + ν + 2A, and hence A = 
the quadratic factor is
where x = Y 2 /(Y − 64). The discriminant of the quadratic polynomial f t (x) is equal to
, and by the assumption of β t and γ t , we have
Therefore the quadratic polynomial f t (Y 2 /(Y − 64)) is irreducible. For simplicity, we put
where "lin." and " irred. quad." mean a linear factor and a irreducible quadratic factor with Y 2 /(Y − 64) as a variable, respectively. We substitute this expression for Proposition 3:
Therefore the number of linear factors L (2 * ) (p) of ss
By [3, Proposition 4] , the polynomial W (p−1−δ)/3 (1 − x/27) (mod p) factors into linear and quadratic polynomials. Therefore, in the same way as in the above case, the polynomial
factors into linear and quadratic polynomials and we finally obtain
Proof of Theorem 5. Let D be a fundamental discriminant of a quadratic field K and χ D be the mod |D| primitive Dirichlet character. For D < 0, by the Dirichlet class number formula, the class number h K of K is given by
where w is the number of fundamental units of K. For p ≥ 5, N ∈ {1, 2, 3} and K = Q( √ −N p), we have w = 2 and
with the help of the well known estimate |L(1, χ D )| < log |D| (see [2, §9] ). Thus we have deg ss
where p n means the n-th prime number. Using Mathematica, we checked directly that deg ss
By a similar estimate, we have deg ss
and checked directly that deg ss
For the supersingular polynomial ss (N ) p (X) related to congruence subgroup Γ 0 (N ), we can not find a remarkable correspondence of the number of linear factors and sporadic groups. But when limiting the number of quadratic factor of ss (N ) p (X), the following holds.
Theorem 10. For a prime number p,
Proof. Use the class number estimate.
Conjectures and Observations
Throughout this section, we assume that the number N is a prime divisor of the monster group M: N ∈ S := {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71}.
It is well known that the modular curve X 0 (N ) + for prime N has genus zero if and only if N ∈ S. The Mckay-Thompson series defined in [5] is a generator of the field of modular functions (it is also called "Hauptmodul") on certain group and has some constant term. But when obtaining the natural hypergeometric (Heun) polynomial representation of ss (N * ) p (X) for N = 2, 3, 5 and 7, we can not ignore the difference between these constant terms. Therefore we need to choose the appropriate constant term as follows: the Hauptmodul j * N (τ ) on the Fricke group Γ * 0 (N ) (N = 2, 3, 5, 7) is defined by
where q = e 2πiτ and η(τ ) is the Dedekind eta function defined by η(τ ) = q 1/24 ∞ n=1 (1−q n ). Because the number of linear factors or the degree of the supersingular polynomials is unchanged by the value of the constant term of the Hauptmodul, we chose 0 as the value of the constant term of j * N (τ ) for N ∈ S − {2, 3, 5, 7}. 
Proof. We prove the first result, the second result being similar. The Fourier coefficient of j(τ
To prove F (τ ) = 0, we check the modularity of F (τ ) under the slash action.
, we have
The function F (τ ) is meromorphic in the upper half plane, and hence F (τ ) is constant and F (τ ) = F (i∞) = 0.
We define the polynomial R N (X, Y ) ∈ Z[X, Y ] in two variables by using the polynomials a N (Y ) and b N (Y ) in (19) as follows: (20) R
The equations R N (j(τ ), j * N (τ )) = R N (j(N τ ), j * N (τ )) = 0 hold trivially by the definition of R N (X, Y ). We note that the polynomial a N (Y ) and b N (Y ) depend on the constant term of j * N (τ ). Example 1.
Following the definition of ss (21) ss
for the prime p ≥ 5. Note that we ignore the duplication of elements of the set S * N . Because the set S * N is stable under the conjugation over F p , we have ss
Example 2. Since ss 37 (X) = (X + 29)(X 2 + 31X + 31) (mod 37), the resultant of ss 37 (X) and R 2 (X, Y ) with respect to the variable X is congruent to (22) (
By ignoring the multiplicity of the roots of this, we obtain the supersingular polynomial ss 
We obtain the degree of ss 
Because of the definitions of ss where g(X 0 (p)) is the genus of the modular curve X 0 (p) and h Dp is the class number of the definite quaternion algebra D p (see [7, 8, 10, 11] ). We focus on the first line of the above equality. By the dimension formula of S p+1 (Γ * 0 (N )) in [4, Lemma 2.2], we have deg ss This group is labeled "3C" in Table 2 of [5] 1 and corresponding modular function j 3C (τ ) = q −1 + 248q 2 + 4124q 5 + · · · satisfies j 3C (τ ) 3 = j(3τ ) = j 3 (τ )(j 3 (τ ) − 24) 3 j 3 (τ ) − 27 .
1 Groups SL2(Z), Γ * 0 (2), Γ0(2), Γ * 0 (3), and Γ0(3) correspond to labels 1A, 2A, 2B, 3A, and 3B, respectively. Observation 1. We have deg ss 
